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INTRODUCTION
In this paper, all algebras are finite dimensional associative and basic
algebras with identity over a field K, unless otherwise stated. Let B be an
ˆalgebra and let  an algebra automorphism of B. We denote by B the
ˆrepetitive algebra of B with respect to . Then, by definition, B is an
infinite dimensional algebra which is the direct sum of K-vector spaces
ˆ Ž Ž . . Ž . Ž .B  B  DB with B  B, DB  DB , and whose m  m m  m m
Ž .elements x are written as matrices x x such that x  B ,i j i, j i i i
Ž . Ž .x  DB , and x  0 for j i, i 1, where DB has a B-bi-i i1  i i j 
Ž .Ž . Ž Ž . .module structure defined by c  f  b x  f  b xc for fDB
Ž .Hom B, K and b, c, x B. Multiplication is induced canonically from
Ž .multiplication of B and the B-bimodule structure of DB . In case  is
ˆ ˆ  the identity, B is the usual repetitive algebra B of B 3 . Let  be theˆ B
ˆNakayam automorphism of B induced from the identity maps   B ˆ B m
ˆŽ . Ž .B ,   DB  DB for all m . The repetitive algebra Bˆm1 B  m  m1 
is naturally considered as a K-category with the object set consisting of a
complete set of orthogonal primitive idempotents, say E e m ,m , i
4 Ž .1	 i	 n , such that e  B 1	 i	 n and   1 Ý em , i m m B 1	 i	 n m , i
for all m. We call the set E the standard object set if e  e  for allm , i m , i
m, m and i, and denote it by E . The finite dimensional quotient0
ˆŽ .B , E G is defined for an admissible group G of automorphisms of the
ˆŽ .category B , E ; i.e., G acts freely on the object set E and has finitely
ˆ ˆŽ .many orbits. An automorphism  of B or B , E is said to be positie 
ˆ ˆ ˆ ˆŽ . Ž .when   B 
Ý  B , and of degree d if   B   B , form  im i  m  md 
all m . The Nakayama automorphism  is an automorphism ofBˆ
ˆ ˆŽ .degree 1 of B and B , E . Any algebra automorphism of non-zero  0
ˆŽ .degree generates an admissible group of B , E for some object set E. An
automorphism  of degree zero canonically induces an automorphism m
of B by restricting to every B .m
ˆŽ . Ž .Now, B , E   is a splittable extension algebra of B by the dualityˆ 0 B
ˆŽ . Ž . Ž . Ž .module DB , i.e., B , E    B DB . Moreover, it is knownˆ  0 B 
ˆ ˆ  that B is isomorphic to B as an algebra 9 . Thus it is natural to ask how
ˆŽ . Ž .the algebra B , E   is obtained as a quotient category of theˆ 0 B
ˆrepetitive B. This paper is motivated by the question, and we characterize
ˆ ˆ Ž .the automorphism  of B such that the quotient B  , for some E , isBˆ
ˆŽ . Ž .isomorphic to B , E   for a given automorphism  of B, and give aˆ 0 B
characterization of weakly symmetric algebras and symmetric algebras, of
ˆŽ . Ž . Ž  .the form B, E   cf. 1, 3.13 .Bˆ
ˆŽ .In Section 1, we give a remark that the algebra B, E G does not
ˆdepend on a choice of the object set E , and thus, we denote it by BG
OHNUKI, TAKEDA, AND YAMAGATA710
ˆ ˆŽ .simply. Moreover, B , E G is also denoted by B G. In Sections 2 and 0 
3, we show the following theorems for an algebra B.
ˆ Ž .THEOREM 1. For any automorphism  of B, the quotient B  isˆ B
ˆ ˆŽ .isomorphic to the quotient B  for an automorphism  of B of degreeBˆ
ˆzero. Conersely, for any automorphism  of B of degree zero, the quotient
ˆ ˆŽ . Ž .B  is isomorphic to B   , where  is the restriction  of  to B .ˆ ˆB  B m m
ˆTHEOREM 2. Let  be a positie automorphism of B. Then
ˆŽ . Ž .1 The algebra B  is weakly symmetric if and only ifBˆ
Bˆ   B DBŽ . Ž . Bˆ
as algebras for some automorphism  of B with identity Nakayama permuta-
Ž . Ž . Ž .tion; i.e., DB  e  DB e for any primitie idempotent e of B.
ˆŽ . Ž .2 The algebra B  is symmetric if and only ifBˆ
Bˆ   BDBŽ .Bˆ
as algebras. Moreoer, in this case,  is of degree zero and all restrictions m
are inner automorphisms of B.
ˆIn Section 3, we characterize the automorphisms  of B of degree zero.
The characterization shows that     for all m , where u ism1 u m mm
an invertible element of B depending on m, and  is an inner automor-um
Ž . 1phism of B with  x  u xu for x B. This implies that the groupu m mm
ˆ Ž .of automorphisms of B of degree zero is determined by Aut B up to the
Ž .inner automorphism group Theorem 3.5 . Moreover, as an application of
our theorems, we characterize the weakly symmetric algebras whose Aus-
landerReiten quiver admits a non-periodic generalized standard left
Ž .respectively right stable full translation subquiver which is closed under
Ž .predecessors respectively successors in the AuslanderReiten quiver.
In the final Section 4, we exhibit some examples to clarify the difference
ˆ ˆŽ .between the algebras of the form B  with an automorphism  of BBˆ
and the Hochschild extension algebras of algebras C by the standard
duality modules DC.
1. PRELIMINARIES
Let B be an algebra and let  be an automorphism of B. By a complete
ˆset of orthogonal primitie idempotents of B we understand a set of
 4orthogonal primitive idempotents e m , 1	 i	 n such that em , i m , i
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n ˆ B and  Ý e the identity of B. Moreover, when B is consid-m m i1 m , i 
ˆŽ .ered as a K-category with the object set E , denoted by B , E , we take
as E such a complete set of orthogonal primitive idempotents and
ˆŽ . Ž .Hom e , e  e B e . We do not assume that e  e for alll, i m , j m , j  l, i l, i m , i
l, m, but since 1 Ýn e Ýn e , we may assume that theB i1 m , i i1 m1, i
ˆ ˆŽ . Ž .second indices i satisfy the property that soc e B  top e , B form , i m1, i
all m . The E is said to be standard when e  e for all l, m.l, i m , i
ˆ ˆ Ž .A K-linear map  : B  B is called an algebra morphism of the 
ˆ ˆŽ . Ž . Ž .algebra B when  xy   x  y for all x, y B . A morphism of B  
fixing a complete set of orthogonal primitive idempotents, say E , is
ˆŽ .considered as a functor of the category B , E and also called a morphism
ˆ ˆŽ . Ž .of B , E . Conversely, a morphism of a category B , E is naturally 
ˆconsidered as an algebra morphism of B fixing the idempotent set E. For
ˆ Ž .an admissible group G of B with respect to E i.e., G is fixing E , we
ˆŽ .have the quotient category B , E G and a canonical Galois covering
ˆ ˆ ˆ B  B G 2 . The quotient B G is a finite dimensional self-injective  
ˆalgebra. An automorphism of B is called admissible if it generates an
ˆŽ .admissible group of the category B , E .
LEMMA 1.1. Let E , E  be complete sets of orthogonal primitie idempo-
ˆtents of B. Then
ˆ ˆ Ž . Ž . Ž .1 B, E and B, E are isomorphic categories.
ˆŽ .2 If G is an admissible group of automorphisms of B, with respect to
 ˆ ˆ Ž . Ž .E and E simultaneously, then B, E G and B, E G are isomorphic.
Ž .  4    4Proof. 1 Let E  e  1	 i	 n , E  e  1	 i	 n , and Em m , i m m , i
   4  E , E  E . Let S  1, 2, . . . , n . Since E and Em m m m m m
are complete sets of orthogonal primitive idempotents of B, by the
  4KrullSchmidt theorem, there is a family B u ,  , e e  s S suchs s , s
that u ,   B, ands s
u  e u e ,   e e 1.1Ž .s s s s s s s s
e  u  , e  u . 1.2Ž .s s s s s s
It is then easy to see that the correspondence  , , u
 e  e for s SŽ . , u s s
ˆ ˆ ˆ ˆ b   bu for b B ,Ž . Ý , u t s
s, tS
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ˆ ˆ Ž . Ž .defines a functor from B, E to B, E , where the summation is well
ˆdefined because e be  0 for almost all s, t S. Obviously,  ist s  , u
Ž  .isomorphic, whose inverse is  with  e  e .u,  u,  s s
Ž . Ž . g2 For gG and s S, let e  e  E. Then the group Gg Ž s. s
acts on the set S. We first claim the existence of a family B
  4u ,  , e , e  s S satisfyings s s s
g e  e for all gG.Ž . Ž .g Ž s. s
 Ž . 4Proof. To show this, let F e  m, i  S be a set of representa-m , i 0
tives of all G-orbits of E , and so S is a finite subset of S by the definition0
Ž .of G. Take u ,   B for every s S which satisfy the properties 1.1 ,s s 0
Ž . 1.2 . This is possible because e and e are isomorphic, denoted bys s
e  e ; i.e., e B e B. Since G acts on E freely, there is a unique gGs s s s
g1 g1 Ž . g gfor every s S with e  F. Let e  e t S , and u  u ,   .s t s 0 s t s t
Then,
u  e u e  ,   e   e 1.3Ž .s s s g Ž t . s g Ž t . s s
e  u  , e   u 1.4Ž .s s s g Ž t . s s
 Ž  . g Ž . Ž .  where e  e . By 1.2 , u ,   rad B, and so, by 1.1 , e and eg Ž t . t s s s g Ž t .
both have to belong to the same B for some m. Hence e  e  , whilem s g Ž t .
e  e in B . Thus e  e  because B is basic, and therefore the familys s m s g Ž t .
  4 Ž . Ž . Ž .B u ,  , e , e  s S satisfies the properties 1.1 , 1.2 , and 1.3 .s s s s
ˆ ˆ Ž . Ž .Next, to define a functor : B, E  B, E being compatible with G,
we use the family B and let  , which is isomorphic. For s S, , u
let e	
1  e for some t S and 	G, and u  u	,   	 as above.s t 0 s t s t
Ž . Ž .Ž .Ž Ž Ž ... g Ž 	 .Then, g s  g	 t  g 	 t for all gG. Moreover, u  u s t
g	 g g ˆu  u , and so u B and we can put u  u . Therefore, for bt Ž g	 .Ž t . s s g Ž s.
ˆ ˆ e be  B,t s
g g
gˆ ˆ ˆ b   e be u  e b e uŽ . Ž .t t s s g Ž t . g Ž t . g Ž s. g Ž s.
g
gˆ ˆ e b e  e beŽ .ž / ž /g Ž t . g Ž s. t s
ˆ g b ,Ž .
which implies that  is compatible with G.
ˆBecause of the lemma, we may denote by BG, without specifying the
ˆ ˆŽ . Ž .object set E , the quotient B, E G for a category B, E and an admissi-
d ˆ ˆŽ .ble group G. By Aut B we denote the set of automorphisms of B of
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d ˆŽ .degree d. For an automorphism Aut B , the composite  is obvi-
ously an automorphism of degree d 1 for   . For any set ofBˆ
   4orthogonal primitive idempotents e  0	 j	 d , 1	 i	 n , an algebraj, i
ˆautomorphism , of the algebra B , of non-zero degree d is considered as
ˆan admissible automorphism of B with respect to the object set E
sŽ .E , where E consists of the idempotents  e for integers s, i, andm m j, i
ˆ  Ž . Ž .j with m ds j and 0	 j	 d . Thus the quotient B , E   is well
defined and we have the following.
ˆLEMMA 1.2. An algebra automorphism of B with non-zero degree is
ˆadmissible. In particular,  is admissible for an automorphism  of B of
degree d1.
 We recall from 10 the definition of the Nakayama permutation of an
 4automorphism  of an algebra B. Let e  1	 i	 n be a complete set ofi
orthogonal primitive idempotents of B. Then there is an idempotent, say
Ž . Ž .1 1e , for every e such that  e B e B because  e B is an Ž i. i i  Ž i. i
indecomposable projective right B-module. We call the permutation of
1Ž .indices, i  i , the Nakayama permutation of  or of the duality
Ž . Ž . ŽŽ . .module DB , denoted by 
  or 
 DB . In case B is self-injective, 
Ž .we have B DB for the Nakayama automorphism  of B, and hence
the permutation of  defined above is just the usual Nakayama permuta-
Ž .  tion 
 B of B; see 10 for details.
 We need the following lemma from 9, 2.1 and 2.2; 10, 2.5 .
Ž Ž . .LEMMA 1.3. Let  be an automorphism of B. Then, 
 B DB 
Ž .
  , and the following conditions are equialent.
Ž . Ž .a The algebra B DB is symmetric.
Ž . Ž .b B DB  BDB as algebras.
Ž .c The automorphism  is inner.
2. SPLIT-EXTENSION ALGEBRAS
 We recall from 10 that an algebra A is said to be weakly symmetric if
Ž . Ž .top P  soc P for all indecomposable projective right A-modules P,
Ž . Ž .where top P  Prad P and soc P is the socle of P. This is equivalent
Ž . Ž .to the existence of an A-isomorphism top Q  soc Q for all indecom-
posable projective left A-modules Q. An algebra A is symmetric if there
Ž .exists an A-bimodule isomorphism AHom A, K .K
ˆLet  be an automorphism of B of degree zero. Then, the restriction
  of  to B for any m  induces an automorphism    :B Bm mm m
B  B .m m
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ˆTHEOREM 2.1. For an automorphism  of B of degree zero, there is an
ˆ Ž . Ž .algebra isomorphisms B   B DB for any m .m
Proof. First recall from Lemma 1.2 that  is an admissible automor-
ˆ ˆ Ž .phism of B, so that the quotient B  is well defined.
ˆ Ž .Let A B  . Then A can be identified with the set of elements
Ž . Ž . Ž . Ž . Ž .b, f  Ł B  Ł DB , where b  b and f  f ,i i i i i i i i1
such that
i
 b    b andŽ . Ž .m i mi m m
2.1Ž .
i
 f    fŽ . Ž .m i mi1 m m1
Ž  .for all i  see 2, 3 , where  is the identity of B . Let  :m m m
Ž .A B DB be the K-linear map withm 1
 b , f   b ,  f .Ž . Ž .m m m m m1
Ž .For simplicity, we assume that m 0, and put   . Let G  .0
Then A has a decomposition A B  DB , where X denotes the set of0 0
Ž . Ž .G-orbits of elements of X. Hence  is a K-linear map and  1  1 , 0A B
Ž .is the identity of B DB .1
We have to prove that  preserves multiplicity, and for this it is
Ž . Ž . Ž .sufficient to show that  bf   b  f for bŁ B and fi i
Ž .Ł DB satisfying the condition 2.1 , because the other relations, e.g.,i i
Ž . Ž . Ž . fb   f  b , are easier. In fact, we have
 bf    b  f    b  fŽ . Ž . Ž . Ž .Ž . Ž .i i j j1 j j j j1
 0,  b  f   b , 0 0,  f   b  f .Ž . Ž . Ž . Ž . Ž .0 0 0 1 0 0 0 1
Moreover,
 fb    f  b    f   bŽ . Ž .Ž . Ž .Ž . Ž .ž /j j1 i i j j1 j1 j1
 0,  f   b  0,  f  b , 0   f  b .Ž . Ž . Ž . Ž . Ž .Ž .0 1 1 1 1 0 1 1 1
Consequently,  is an algebra isomorphism.
Ž . Ž .It follows from the above theorem that B DB  B DB for m l
0 ˆŽ . Ž .any Aut B and all m, l . Then, by Lemma 1.3, we get 
  m
Ž . Ž .
  for all m, l . We call the permutation 
  independent ofl m
Ž .the choice of m the permutation type, denoted by 
  , of the automor-
ˆphism  of B of degree zero.
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ˆTHEOREM 2.2. Let  be a positie automorphism of B such that  is an
ˆadmissible automorphism of B. Then the following conditions are equialent:
Ž . Ž .1  is an automorphism of degree zero and 
   id.
ˆŽ . Ž .2 The algebra B  is weakly symmetric.
ˆŽ . Ž . Ž . Ž .3 B   B DB for an automorphism  of B with 
  
id. Moreoer, we may take  as  for any m .m
Proof. Let  be an admissible automorphism with respect to a com-
plete set of orthogonal primitive idempotents E e m , 1	 i	m , i
ˆ4 Ž . Ž .n . Let A B  and e be the  -orbit of e for 1	 i	 n. Sinceiˆ 0, i
 has the positive degree by assumption, e ’s are orthogonal primitiveiˆ
idempotents of A.
Ž . Ž .The implication 1  2 follows from Theorem 2.1 and Lemma 1.2.
Ž . Ž .2  3 : Suppose that A is weakly symmetric and that the orbit of
Ž . Ž .some e , say e , is different from any e 1	 i	 n . Then soc e A ˆ ˆ1, i 1, 1 i 1
ˆ ˆ ˆŽ . Ž . Ž .top e A , because soc e B  top e B by the definition of B, which1ˆ 0, 1 1, 1
 4contradicts the assumption that A is weakly symmetric. Thus e  1	 i	 niˆ
Ž .  Ž . 4  4are all  -orbits of E , and hence  e  1	 j	 n  e  1	 j	 n ,1, j 1, j
Ž . Ž .which implies that  B  B and so  B  B for all m . It1 1 m m
therefore follows that  is of degree zero and all restrictions    :Bm m
Ž .B  B m  are automorphisms of B. It then follows from Theoremm m
ˆ Ž . Ž .2.1 that B   B DB for m . Moreover, by Lemma 1.2, them
Nakayama permutation of  coincides with the Nakayama permutationm
ˆ ˆŽ . Ž .of B  which is the identity by the assumption that B  is weakly
Ž . Ž .symmetric. Thus we have proved 2  3 .
Ž . Ž . Ž .3  1 : Assume that A B DB for an automorphism  of
Ž .B with 
   id. The primitive idempotents e , . . . , e of A are orthogo-ˆ ˆ1 n
Ž .nal, and the idempotents e , 0 , 1	 i	 n, form a complete set of orthog-1, i
Ž .onal primitive idempotents of B DB . Hence, by comparing the num-
 4bers of those primitive idempotents, the set e , . . . , e is complete, whichˆ ˆ1 n
Ž . Ž .is possible only when deg   1; i.e., deg   0. It then follows from
Ž . Ž . Ž .Theorem 2.1 that B DB  B DB for all m . Hence 
  m
Ž . 
   id by Lemma 1.2.
ˆ Ž .An automorphism  of B is called inner when deg   0 and all the
ˆŽ .restrictions  are inner automorphisms of B. It is clear that Inn B , them
0 ˆŽ .set of inner automorphisms, forms a normal subgroup of Aut B .
ˆCOROLLARY 2.3. Let  be a positie automorphism of B such that  is
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ˆan admissible automorphism of B. Then the following conditions are equia-
lent:
Ž .1  is an inner automorphism.
ˆŽ . Ž .2 The algebra B  is symmetric.
ˆŽ . Ž .3 B   BDB.
ˆŽ . Ž . Ž .Proof. 1  2 It follows from Theorem 2.1 that B   B
ˆŽ . Ž .DB for any m . Hence B  is symmetric by Lemma 1.2,m
because  is inner.m
ˆŽ . Ž . Ž . Ž .2  3 Since B   B DB by Theorem 2.2, this alsom
follows from Lemma 1.2.
ˆ ˆŽ . Ž . Ž . Ž .3  1 Since B  is symmetric by assumption, B   B
Ž .DB by Theorem 2.2. Hence  is inner by Lemma 1.2. mm
All Hochschild extension algebras of a simple algebra S by DS are
weakly symmetric, and those extension algebras are not necessarily sym-
 metric 6 . We know, however, that such an extension algebra is symmetric
ˆ Ž .when it is isomorphic to B  for an algebra B and a positive automor-
ˆphism  of B.
PROPOSITION 2.4. Let S be a simple K-algebra and let A be a Hochschild
extension algebra of S by DS. Then A SDS if and only if A is isomorphic
ˆ ˆŽ .to the quotient B  of an algebra B and a positie automorphism  of B.
q p
Proof. Let 0DSAS 0 be a Hochschild extension. Since S
Ž .is a simple algebra, it is easy to show that q DS is the unique proper ideal
ˆ Ž .of A. Now suppose that A is isomorphic to B  of an algebra B and a
ˆpositive automorphism  of B such that  is admissible, and then we
only have to show that A is a splittable extension algebra of S by DS,
ˆ Ž .because the converse is trivial: SDS S  .Sˆ
Ž .Since A is weakly symmetric, it follows from Theorem 2.2 that deg  
Ž .0 and A is isomorphic to B DB for any automorphism  of B. Let
g f
0 DB  AB 0Ž . 
be a splittable Hochschild extension and let f : B A be an algebra
 ŽŽ . .morphism with ff  1 . Since g DB is a proper ideal of A, we haveB 
ŽŽ . . Ž .g DB  q DS and hence there is an algebra isomorphism h: B S
such that p hf. Therefore pp 1 for p f h1 : S A, which showsS
that A is a splittable extension algebra of S by DS.
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3. AUTOMORPHISMS OF DEGREE ZERO
Let  be an automorphism of B. Assume that there exist automor-
Ž .phisms  of B and unit u  B m  such thatm m
   ,     ,m m m1 u mm
Ž . 1where  is an automorphism of B with  b  u bu for b B.u u m mm m
Take the invertible elements u of B withm
 u   u ,Ž .Ž .m m m
Ž . Ž .and let   be the family of  and also u u . We define am m m
ˆ ˆK-linear map  : B  B such that , u 
 b   b  BŽ . Ž . , u m m m m
for b  B , andm m
1 f  f L   DBŽ . Ž . , u m m u m  mm
Ž . Ž .for f  DB , where L : B B is the map with L b  u b form  m u u mm m
b B.
ˆ ˆ LEMMA 3.1 9 . The K-linear map  : B  B is an algebra isomor- , u 
phism of degree zero.
Proof. For b  B , c  B , f DB , and g DB , we havem m l l m m l l
Ž . Ž . Ž . Ž . Ž . Ž . b c   b  c , and  f g   f  g , obvi- , u m l  , u m  , u l  , u m l  , u m  , u l
ˆŽ . Ž . Ž .ously. To show that  xy   x  y for x, y B , it therefore , u  , u  , u 
suffices to consider the two cases:
Ž .1 x b , y f , andl m
Ž .2 x f , y b for m, l .m l
Ž . Ž . Ž . Ž .Case 1 .  b f   b  f for m, l . , u m l  , u m  , u l
Ž . Ž . Ž .Proof. For m l,  b f  0  b  f obviously. Let , u m l  , u m  , u l
  and assume that m l. For x B we have , u
1 1 b f x  b f u  x  f u  x b ,Ž . Ž . Ž . Ž . Ž .Ž . Ž .m m m m m m m m m m
and
1 b  f x   b f L  xŽ . Ž . Ž . Ž . Ž .Ž . Ž .m m m m m u mm
1 1 f u  x b  f u  x b .Ž . Ž .Ž .Ž . Ž .m m m m m m m m m
Ž . Ž . Ž .Hence  b f   b  f .m l m l
OHNUKI, TAKEDA, AND YAMAGATA718
Ž . Ž . Ž . Ž .Case 2 .  f  b   f  b for m, l . , u l m1  , u l  , u m1
Ž . Ž . Ž .Proof. If lm,  f  b  0  f  b obviously. , u l m1  , u l  , u m1
Assume that lm and let   . Then, for x B, we have , u
1 f  b x  f  b u  xŽ . Ž . Ž . Ž .Ž . Ž .m m1 m m1 m m
1 f  b u  x .Ž . Ž .Ž .m m1 m m
On the other hand,
1 f  b x  f L   b xŽ . Ž . Ž . Ž .Ž . Ž .Ž .m m1 m u m m1 m1m
1 1 f u   b  x .Ž . Ž .Ž .Ž .m m m m1 m1 m
Since     and     by assumption, we havem1 u m m mm
1  b  1  u1 b uŽ . Ž .Ž . Ž .Ž .m m1 m1 m m m m1 m
1 1 1 1  u b  u  u  b u ,Ž . Ž . Ž .Ž .m m m1 m m m m1 m
1 1 1Ž .because    and  u  u . Thus we getm m m m m
 f  b   f  b .Ž . Ž . Ž .m m1 m m1
ˆŽ . Ž .For an automorphism  of B, let   and 1  where   ˆ m m m
and  is identity of B for all m . Then, by Lemma 3.1 we have anm m
ˆautomorphism  of B of degree zero, and the following assertion byˆ , 1ˆ
applying Theorem 2.1.
ˆ Ž .COROLLARY 3.2. BDB  B   for any automorphism  of B.ˆ  , 1ˆ
ˆ ˆPROPOSITION 3.3. Let  be an automorphism of B and let  : B  B be
Ž  . Ž  .an isomorphism of degree zero such that     for all m .B Bm m
Ž .Then   for some families   of automorphisms  of B and , u m m
Ž .u u of inertible elements u of B.m m
  Ž .Proof. Let    : B  B and    : DB DBB Ž D B .m m m m  m mm  m
Ž .be the restriction of  to B and DB , respectively. Then   m  m m m
by assumption. For b  B , c  B , and f DB , we havem m m1 m1 m m
 b  f  c   b  f  c   b  f  c .Ž . Ž . Ž . Ž . Ž . Ž . Ž .m m m1 m m m1 m m m m1 m1
Ž . Ž .Hence the K-linear map  : DB  DB is a B-bimodulem  m  m m m1
isomorphism, so that there is a B-bimodule isomorphism
 : B  BŽ . Ž .m  m  mmm1
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Ž .such that  Hom  , K . Letm m
1u     1 and u   1 .Ž . Ž .Ž .m m m B m m B
Ž . Ž . Ž .Then u is invertible and  b  x  c   b  x c for b, x, c B. Itm m m
follows that
  b x c  b  x c. 3.1Ž . Ž . Ž . Ž . Ž .Ž .m m1 m m
Ž .Hence, by applying 3.1 , we get
  b    b 1   b  1 ,Ž . Ž . Ž . Ž .Ž . Ž .m m1 m m1 B m B
  b   1  1 b   1 1 b ,Ž . Ž . Ž . Ž .Ž . Ž .Ž .m m1 m B m m m1 m B m m1
and therefore
1u   b   b u .Ž . Ž .m m m1 m
Ž .Since     by assumption, it is then easy to show that  b m m m1
Ž .  b for all b B, and hence     .u m m1 u mm m
1 1Ž . Ž . Ž . Ž . Ž .Moreover it follows from 3.1 that  b   1  b  u  b .m m B m m m
Thus, for f DB and x B , we getm m m
1 f x  f  x  f u  x ,Ž . Ž . Ž . Ž .Ž . Ž .m m m m m m m
1Ž .which implies that  f  f L  . We therefore have   .m m m u m  , um
0 ˆŽ .LEMMA 3.4. For  ,  Aut B , we hae , u  , v
Ž .1  is the identity automorphism.ˆ ˆ1, 1
Ž . Ž . Ž Ž . .2     , where    and w  u  . , v  , u  , w m m m m m
Ž . 1 1 Ž 1 . 1 Ž 1Ž 1 ..113    , where    and u   u . , u  , u m m m
Ž . Ž . Ž . Ž .Proof. 1 is clear, and 3 follows from 1 and 2 .
Ž .2 Since the composite   is an automorphism of degree , v  , u
Ž . Ž .zero, there are families   and w w with     ,m m  , v  , u  , w
Ž .where  Aut B and w are units of B. Then     obviously.m m m m m
From the definition, for f DB , we conclude thatm m
1 1  f  f L  L  ,Ž . , v  , u m m u m  mm m
1 1Ž . Ž .where u   u and     . Hence, for b B,m m m m m m
1 1  f b  f u      bŽ . Ž . Ž .Ž .Ž . Ž . , v  , u m m m m m m
1
1 f L  b .Ž .Ž .m u  Ž . mm m m
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Here we have
1  u      u    u    u  .Ž . Ž .Ž . Ž . Ž .Ž .Ž .m m m m m m m m m m m m m m m
Moreover, it is easy to show that
      .m1 m1  Žu . m mm m m
Ž .We therefore have w   u  .m m m m
ˆTHEOREM 3.5. Any automorphism of B of degree zero is of the form  , u
Ž . Ž .for some families   of automorphisms  and u u of inertiblem m m
elements u of B with     for all m . Moreoer, there is am m1 u mm
group isomorphism,
0 ˆ ˆAut B Inn B Aut B Inn B .Ž . Ž . Ž . Ž .
Proof. The first assertion is an immediate consequence of Proposition
3.3, by taking the identity map for .
0 ˆŽ . Ž . Ž .Let f : Aut B Aut B be the correspondence with f    ,ˆ , 1ˆ
which is clearly a group homomorphism. Let   be any morphism of , u
0 ˆŽ . Ž .Aut B . Then, by Lemma 3.4 2 ,     which is an innerˆ , u  , 1 , uˆ
ˆ 1 Ž .automorphism of B, where   ,   , and1 m
 m 2, u    u1 m1  1 m 1,m  1 m	 0.Žu    u .m 0
Hence, by Lemma 3.4, f induces a surjective morphism
0 ˆ ˆAut B Aut B Inn B .Ž . Ž . Ž .
Ž .Now, suppose that f    is inner. Then, by the definition,  is anˆ , 1ˆ
Ž .inner automorphism of B; i.e.,  Inn B . Thus f induces the required
isomorphism.
THEOREM 3.6. The following conditions are equialent for a self-injectie
algebra A oer an algebraically closed field K.
Ž . Ž .1 A B DB for a tilted K-algebra B not of Dynkin type and an
Ž .automorphism  of B with 
   id.
ˆŽ . Ž .2 A is isomorphic to B  for a tilted K-algebra B not of Dynkin
ˆ Ž .type, and  is an automorphism of B of degree zero with 
   id.
Ž . Ž .3 A is weakly symmetric and stably equialent to B DB for a
tilted K-algebra B not of Dynkin type and an automorphism  of B.
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ˆŽ . Ž .4 A is weakly symmetric and stably equialent to B  for a tilted
ˆK-algebra B not of Dynkin type and  a positie automorphism of B.
Ž .5 A is weakly symmetric, and the AuslanderReiten quier  of AA
Ž .admits a non-periodic generalized standard left respectiely right stable full
Žtranslation subquier which is closed under predecessors respectiely succes-
.sors in  .A
Ž . Ž . Ž . Ž .Proof. The implications 1  2 and 3  4 are clear because of
Ž . Ž . Corollary 3.2, and 2  3 follows from Theorem 2.2 with   . TheBm
Ž . Ž .  equivalence of 4 and 5 is proved in 7, Theorem 1 .
ˆŽ . Ž .   Ž .5  1 : It follows from 8, Theorem 5.5 that A B  for a
ˆtilted algebra B not of Dynkin type and  a positive automorphism of B.
Ž .Then, by Theorem 2.2, A B DB for some automorphism  of B
obtained as the restriction of  to any B . Moreover, it follows fromm
Ž .Lemma 1.2 that  has the identity Nakayama permutation, because 
 A
is the identity by assumption.
4. EXAMPLES
By an extension algebra, in this section, we understand a Hochschild
extension algebra of some algebra C by DC, and  denotes a positive
ˆautomorphism of degree zero of B for an algebra B. When we define an
² :algebra as a factor algebra of a free algebra K X, Y, . . . , with variables
X, Y, . . . , by an ideal I, we denote by x, y, . . . the residue classes X I,
Y I, . . . , respectively.
4.1. There are non-symmetric self-injectie algebras A which are Hochschild
ˆ Ž .extension algebras and are isomorphic to some B  .
² :Let B be the K-algebra K X, Y I where the ideal I is generated by
X 2 , Y 2 , XY YX .
Then B is the K-space K Kx Ky Kxy and a symmetric algebra;
Ž .BHom B, K as B-bimodules. Let c: B B B be the 2-cocycle with
Ž .c a, b  a b xy, where a and b are the coefficients of x and y when ax y x y
 4and b are expressed as K-linear combinations of the K-basis 1, x, y, xy .
Let A be the extension algebra of B by the B-bimodule B, which is
defined by c. Then A is a non-symmetric self-injective algebra 6, Proposi-
 ² : tion 2.8 . Observe that A is isomorphic to the algebra K X, Y, Z I ,
where I  is generated by
X 2 , Y 2 , Z 2 , XY YX XYZ, ZX XZ, YZ ZY .
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Ž .LEMMA. A is isomorphic to the split-extension algebra B DB for
some automorphism  of B.
Proof. Let C and J be the subalgebra and the ideal of A such that
C K Kx Kz Kxz, J Ky Kxy Kyz Kxyz. Then A C J
as K-spaces and the projection f : A C is an algebra homomorphism.
Moreover, J 2  0 and J is naturally considered as a B-bimodule by f. For
Ž . Ž .the algebra automorphism  : C C with  1  1,  x  x xz, and
Ž . z  z, the right multiplication map by f then becomes a C-bimodule
isomorphism from C to J. Thus we have A C C . It implies that 
Ž . Ž .A B B where  is the automorphism of B with  1  1,  x  x
Ž . xy, and  y  y, because B C canonically as algebras.
4.2. There are algebras which are isomorphic to some algebras of the form
ˆ Ž .B  , but are not Hochschild extension algebras by standard duality
modules.
We show the existence of these algebras A by making use of an old
 example by Nakayama and Nesbit 4, 5 , with a correction of some
 Ž .  misprints in 10, 2.5 4 ; see 6, Sect. 2 .
² :For a non-zero element  of K, let A be the algebra K X, Y I
where I is generated by
X 2 , Y 2 , XY YX .
Ž .Then A is a local self-injective algebra with dim A  4 and soc A  K  
Kxy, and all ideals are A , rad A , rad2 A , 0 and A a Kxy Ka   
Ž .a Kx Ky . Now, let B K Kx and J Ky Kxy. Then B is a
subalgebra of A , J is an ideal of A, and A  B J as K-spaces. 
Moreover, B is symmetric and so BDB as B-bimodules. Take the
automorphism  of B with
 1  1 and  x  1 x .Ž . Ž .
It is then easy to show that B  J as B-bimodules by the right multiplica-
tion maps R : b by, so that we know that A  BDB becausey  
ˆ Ž .BDB. Also this show that A  B   by Corollary 3.2.ˆ  , 1ˆ
LEMMA. For 0  K, the algebra A is symmetric if and only if A is 
a Hochschild extension algebra of an algebra C by DC, if and only if  1.
  ŽProof. It is known that A is symmetric only for  1 by 4, 5 . See
 Ž . .10, 2.5 4 . Now assume that there is a Hochschild extension
g f
0DC A C 0
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Ž . 2of an algebra C by DC. Let I g DC ; then dim I 2 and I  0K
obviously, and we define the morphisms f , g which make the following
diagram commutative:
ŽLet  A I. Since dim I 2, there are some a, b K with I K ax K
. by  Kxy and ax by Kxy. Then I is considered as a -bimodule
naturally and ID as -bimodules. Let h: ID be the -bimodule

 
isomorphism, and  K1 Kx, D K1  Kx , where x x I, 1

 
 4  41 I A I and 1 , x is the dual basis of the basis 1, x of . Since

Ž . Ž .soc I  Kxy and soc D  K1 , there is a non-zero element c K 
   
 
 
Ž . Ž .such that h xy  c1 . Let h ax by  a 1  b x for some a , b  K.
 Ž .Then b  0 because ax by soc I . Now, by applying the commutativ-B
ity L h hL and R h hR to the element ax by, we getx x x x
 
xh ax by  b 1Ž .

h x ax by  h bxy  bc1Ž . Ž .Ž .
and so b bc. Furthermore, we get
 
h ax by x b 1Ž .

1h ax by x  h byx   bc 1 ,Ž . Ž . Ž .Ž .
and so b 1 bc. Thus b bc 1 bc, which implies that  1
because b  0.
4.3. There are symmetric Hochschild extension algebras which are not
ˆ Ž .isomorphic to self-injectie algebras of the form B  .
  Ž 4.For example, let A K x  x be the factor algebra of the polynomial
  Ž 4. Ž 2 . Ž 4.algebra K x by x . Let I x  x and B AI. Then clearly A is
symmetric and a non-splittable extension algebra of B by I, where I is
Ž .considered as a B-bimodule naturally and IDB  B as B-bimodules.
Moreover, A is not isomorphic to any algebra of the form CDC for an
automorphism  of C, because the existence of A CDC for some
3Ž .algebra C yields dim C 2 and so rad CDC  0, contradicting theK 
3Ž .fact that rad A  0.
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4.4. There are non-symmetric Hochschild extension algebras which are not
ˆ Ž .isomorphic to self-injectie algebras of the form B  .
Ž .Let K  a, b, c be the rational function field with three invariants2
  Ž 2 2 2a, b, c over the prime field  . Let L K X, Y, Z  X  a, Y  b, Z2
.   c be the factor ring of the polynomial ring K X, Y, Z with three
variables, and let x X, y Y and z Z where f denotes the residual
 class of f K X, Y, Z in L. We define a 2-cocycle  : L L L of the
K-algebra L by the equality
 x l y mz n , x l

y m

z n

 x l l
1 y mm
1 z nn
1 lm zmn xy ,Ž .Ž .
   Ž  .where the numbers l, m, n, l , m , n are 0 or 1 see 6, Lemma 4.5 . Let A
be the extension algebra of L by the 2-cocycle  . Then A is a non-sym-
 metric self-injective algebra by 6, Proposition 4.6 , and A satisfies the
required property by Proposition 2.4, because L is a simple K-algebra.
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